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1. Introduction 
 
Many famous nonlinear evolution equations such as Korteweg-de Vries (KdV), Modified 
KdV (mKdV), Kadomstev-Perviashvili (KP), Coupled KP and Zakharov-Kuznetsov (ZK) have 
been obtained in nonlinear propagation of dust-acoustic wave, especially, the dust-acoustic 
solitary wave (DASW) in space and laboratory plasma[1]. It is known that the transverse 
perturbations always exist in the higher-dimensional system. Anisotropy is introduced into the 
system and the wave structure and stability are modified by the transverse perturbation. Recent 
theoretical studies for ion-acoustic/dust-acoustic waves show that the properties of solitary waves 
in bounded nonplanar cylindrical/spherical geometry differ from that in unbounded planar 
geometry. A dissipative cylindrical/spherical KdV is obtained by using the standard reductive 
perturbation method in Ref. [2]. The cylindrical KP equation (CKP) has been introduced by 
Johnson[3,4] to describe surface wave in a shallow incompressible fluid. A spherical KP (SKP) 
equation is obtained by using the standard reductive perturbation method[5].  
We consider the classical KP equation in the form 
     ( ) 06 =+++ yyxxxxxt suuuuu ,                         (1) 
where  is a constant. The KP equation is also derived using reductive perturbation method in 
superthermal dusty plasma and the steady state solution has been given[6]. 
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     The cylindrical KP equation (CKP) 
 ( ) 06 22321 =++++ yytxtxxxxt uuuuuu α ,                     (2) 
where α  is a constant, has also been investigated to obtain decay mode solutions by means of 
Hirota method and simplified homogeneous balance method respectively[7-8]. 
We also consider the classical spherical KP equation (SKP) in the form 
 ( ) ( ) 06 1
2
11
2
0
=+++++ yyyytvxtxxxxt uuuuuuu ,                  (3) 
where  is a constant. An exact solitary wave solution of SKP, that demonstrates the amplitude 
and wave velocity of solitary wave are uniquely determined by the parameters of the system and 
only depending on the initial conditions, has been obtained in Ref. [5]. 
0v
The KdV equation has been researched by many authors. The multi-soliton solutions of the 
KdV equation with general variable coefficients have been completely obtained by homogeneous 
balance principle[9,10]. Some solutions, which possess movable singular points while their energies 
are only redistributed without dissipation, of KdV equation have been obtained through the 
modified bilinear Bäcklund transformation[11]. A n-soliton solution with the bell shape has been 
obtained in Ref. [12], whose stationary height is an arbitrary constant . The rational solutions, 
solitary wave solutions, triangular periodic solutions, Jacobi periodic wave solutions and implicit 
function solutions of KdV equation have been constructed by means of an extended algebraic 
method[13]. If a transformation of variables between the KdV equation and other equation can be 
constructed, the results of KdV equation above can be used directly. 
c
In the present paper we aim to find solitary wave solutions of KP Eq.(1), CKP Eq.(2) and 
SKP Eq.(3). The paper is organized as follows: In section 2, the KP Eq.(1), CKP Eq.(2) and SKP 
Eq.(3) are reduced to the same KdV equation by different transformation of variables respectively. 
In section 3，the single solitary wave solutions and 2-solitary wave solutions of KP Eq.(1), CKP 
Eq.(2) and SKP Eq. (3) can be obtained in terms of the corresponding transformation of variables 
respectively, since the solutions of the KdV equation have been known already. In section 4, some 
conclusions are made. 
 
2. Reduction of KP, CKP and SKP  
2.1 Reduction of KP  
In Eq. (1) we assume that 
),(),,( twtyxu ξ= , ),(1 tyqx +=ξ ,                      (4) 
where  is a function to be determined later. Substituting (4) into (1), yields a 
equation as follows 
),(11 tyqq =
( ) 0)(6 1211 =+++++∂∂ ξξξξξξξξ wqsqwsqwwww tyyyt .          (5) 
Setting the coefficients of and  to zero，yields ξw ξξw
00 1
2
11 =+= tyyy qsqsq ， .                          (6) 
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 The system (6) admits the following solution: 
    ,                            (7) tsytyq 21 ),( λλ −=
where λ  is a nonzero arbitrary constant. Using (7) the expression (4) becomes 
),( twu ξ= , .                         (8) tsyx 2λλξ −+=
And after integrating (5) with respect to ξ  once and taking the constant of integration to zero, 
equation (5) becomes the classical KdV equation for ),( tww ξ=  
06 =++ ξξξξ wwwwt .                          (9) 
From the discussion above, we come to the conclusion that the KP Eq.(1) for  
is reduced to the KdV Eq.(9) for 
),,( tyxuu =
),( tww ξ=  by using the transformation of variables (8), if 
),( tw ξ  is a solution of KdV Eq.(9), substituting it into (8), then we have the exact solution of the 
KP Eq.(1). 
 
2.2 Reduction of CKP  
In Eq.(2)  we assume that 
),(),,( twtyxu ξ= , ),(2 tyqx +=ξ ,                      (10) 
where  is a function to be determined later. Substituting (10) into (2), yields a 
equation as follows 
),(22 tyqq =
( ) 0)(6 222326 222 22 =+++++ +∂∂ ξξαξαξξξξξ wqqwwwww tytt qtt yy .      (11) 
Setting the coefficients of  and  to zero，yields ξw ξξw
006 2
2
2
3
2
2
2
2 =+=+ tytyy qqqt αα ， .                    (12) 
The system (12) admits a solution: 
    tyttytyq 22
12
1
2 3),( 2 αα −+−= .                     (13) 
Using (13) the expression (10) becomes 
),( twu ξ= , tyttyx 22
12
1 32 αξ α −+−= .                 (14) 
And after integrating (11) with respect to ξ  once and taking the constant of integration to zero, 
the equation (11) becomes the classical KdV Eq.(9) for ),( tw ξ . 
   From the discussion above, we come to the conclusion that the CKP Eq.(2) for  ),,( tyxuu =
 3
 is reduced to the KdV Eq.(9) for ),( tww ξ=  by using the transformation of variables (14), if 
),( tw ξ  is a solution of KdV Eq.(9), substituting it into (14), then we have the exact solution of 
CKP Eq.(2) 
 
2.3 Reduction of SKP 
In Eq.(3) , we assume that 
),(),,( twtyxu ξ= , ),(3 tyqx +=ξ ,                    (15) 
where  is a function to be determined later. Substituting (15) into (3), yields a 
equation as follows 
),(33 tyqq =
( ) ( ) 06 3232 12 )2( 2020 303 =+++++ ++∂∂ ξξξξξξξξ wqqwwwww tytvytv qtvyqt yyy .      (16) 
Setting the coefficients of and  to zero，yields  ξw ξξw
00)2( 3
2
32
1
303 2
0
=+=++ tytvyyy qqqtvyq ， .                 (17) 
The system (17) admits a solution: 
    μ+−= tytyq v 223 0),( ,                        (18) 
where μ  is a nonzero arbitrary constant. Using (18) the expression (15) becomes 
),( twu ξ= , μξ +−= tyx v 220 .                    (19) 
and after integrating the equation (16) once, taking the constant of integration to zero, the equation 
(16) becomes the classical KdV Eq.(9). 
From the discussion above, we come to the conclusion that the SKP Eq.(3) for 
is reduced to the KdV Eq.(9) for ( , , )u u x y t= ( , )w w tξ=  by using the transformation of 
variables (19), if ),( tw ξ  is a solution of KdV Eq.(9), and substituting it into (19), we have the 
exact solution of the SKP Eq.(3).  
 
3. Solitary wave solutions of KP,CKP and SKP 
 
In previous section, the KP Eq.(1),CKP Eq.(2) and SKP Eq.(3) have been reduced into the 
same classical KdV Eq.(9) by the transformation (8),(14) and (19), respectively. The KdV Eq.(9) 
is of physically importance and its solutions have been known for many researchers, for instance, 
according to Ref. [9], the KdV Eq.(9) has single solitary wave 
2
2
(1 )
( , ) 2 e
e
w t k ηηξ += , 3 0k k t xη ξ= − + ,               (20) 
where  and  are arbitrary parameters. And KdV Eq.(9) also has 2-soliton solution k 0x
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( )
2 22 2 2 2 21 2 1 2 1 2 1 2
1 2 1 2 12 2 1
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1 2 1 2
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( , ) 2
k e k e k k e a k e k e
e e a e
w t
η η η η η η η η
η η η ηξ
+ +
+
+ + − + +
+ + +
= （ ） + ,         (21) 
where  and ik ix  are arbitrary parameters, 
3
i i i ik k t xη ξ − + )2,1(, =i , 2
21
2
21
12 ）（
）（
kk
kka +
−= . =
3.1 solitary wave solutions of KP 
 
Substituting (20) into (8) we have the single solitary wave solution for KP Eq. (1), which is 
expressed by 
   2
2
(1 )
( , , ) 2 ,e
e
u x y t k ηη+= 2 3 0( ) ( )k x y ks k t xη λ λ= + − + + ,      (22) 
where  and  are arbitrary parameters.  k 0x
Substituting (21) into (8) we have the 2-solitary solution for KP Eq.(1) ,which is expressed by 
   
( )
( )
2 22 2 2 2 21 2 1 2 1 2 1 2
1 2 1 2 12 2 1
2
1 2 1 2
12
2
1
( , , ) 2 ,
k e k e k k e a k e k e
e e a e
u x y t
η η η η η η η η
η η η η
+ + +
+
+ + − + +
+ + +
= （ ）         (23) 
where  and ik ix are arbitrary parameters, 
2 3( ) ( )i i i i ik x y k s k t xη λ λ= + − + + )2,1( =i, , 
2
21
2
21
12 ）（
）（
kk
kka +
−= . 
3.2 solitary wave solutions of CKP 
 
Substituting (20) into (14) we have the single solitary wave solution for CKP Eq.(2) ,which is 
expressed by 
2
2
(1 )
( , , ) 2 ,e
e
u x y t k ηη+=  2 2 2 21 012[ ( 3 ) ]k x y y k t xαη α= − − + + + ,    (24) 
where  and  are arbitrary parameters. The solution (24) is shown in Figs.1-4 with , k 0x 2.0=k
30 =x , 1=α . 
       
Fig.1. Plots of solution (24) with                             Fig.2. Plots of solution (24) with  0=t 1.0=t
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Fig.3. Plots of solution (24) with                           Fig.4. Plots of solution (24) with  5.0=t 1=t
 
Substituting (21) into (14) we have the 2-solitary solution for CKP Eq.(2), which is expressed 
by 
   
( )
( )
2 22 2 2 2 21 2 1 2 1 2 1 2
1 2 1 2 12 2 1
2
1 2 1 2
12
2
1
( , , ) 2
k e k e k k e a k e k e
e e a e
u x y t
η η η η η η η η
η η η η
+ +
+
+ + − + +
+ + +
= （ ） + ,       (25) 
where  and ik ix are arbitrary parameters, 2
21
2
21
12 ）（
）（
kk
kka +
−= , 
2
2 2 21
12
[ ( 3 ) ] ,i )2,1(i i ik x y y k t xαη α= − − + + + =i . The solution (25) is shown in Figs.5-8 
with 1=α , , , 21 −=x 22 =x 2.01 =k , 3.02 =k . 
          
Fig.5. Plots of solution (25) with                             Fig.6. Plots of solution (25) with  0=t 5.0=t
         
Fig.7. Plots of solution (25) with                              Fig.8. Plots of solution (25) with  1=t 2t =
 
3.3 solitary wave solutions of SKP 
 
Substituting (20) into (19) we have the single solitary wave solution for SKP Eq. (3), which 
is expressed by 
2
2
(1 )
( , , ) 2 e
e
u x y t k ηη+= , 0 2 2 02[ ( ) ]vk x y k t xη μ= − + + + ,  (26) 
where  and  are arbitrary parameters.  k 0x
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 Substituting (21) into (19) we have the 2-solitary solution for SKP Eq. (3), which is 
expressed by 
   
( )
( )
2 22 2 2 2 21 2 1 2 1 2 1 2
1 2 1 2 12 2 1
2
1 2 1 2
12
2
1
( , , ) 2
k e k e k k e a k e k e
e e a e
u x y t
η η η η η η η η
η η η η
+ +
+
+ + − + +
+ + +
= （ ） + ,        (27) 
0 2 2
2[ ( ) ]
v
i i ik x y k t xη = − + + i , 
where  and ik ix  are arbitrary parameters, ( )( )21 2 21 212 k kk ka −+= , )2,1( =i . 
 
4. Conclusion 
 
In this paper, by making corresponding transformation of variables, the KP equation, 
cylindrical KP equation and spherical KP equation are all reduced to the same classical KdV 
equation, which can be solved by using homogeneous balance method[9,10] to obtain single solitary 
wave solution and 2-soliton solution. Substitutiong the solitary solutions of the KdV equation into 
the corresponding transformation of variables, we have the solitary wave solutions of the KP 
equation, cylindrical KP equation and spherical KP equation, respectively. It is interesting to 
research CKP equation and SKP equation but avoid the singularity point analysis when .The 
analysis in the present paper may be extended to other works to make further progress. 
0t =
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